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Abstract 

In this paper, by introducing a new notion of envelope of the stochastic 
process, we construct a family of random differential equations whose solu¬ 
tions can be viewed as solutions of a family of ordinary differential equations 
and prove that the multidimensional backward stochastic differential equa¬ 
tions (BSDEs for short) with the general uniformly continuous coefficients 
are uniquely solvable. As a result, we solve the open problem of multidi¬ 
mensional BSDEs with uniformly continuous coefficients. 
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1 Introduction 

In this paper we study the multidimensional backward stochastic differential 
equations (BSDEs for short) of the following form 

f{s,ys,Zs)ds- ZgdBs, 0<t<l, (1) 

where ^ is an A'^-valued random variable and is an m-dimensional 

standard Brownian motion. If ^ is square integrable and the driver / is Lipschitz 
continuous in (y, z), Pardoux and Peng [12] proved the existence and uniqueness 
of the solution to BSDE ([T|). Since then, many efforts have been made to relax the 
Lipschitz conditions on the generator /. In one-dimensional case, many results 
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for BSDEs with more general generators have been obtained with the help of the 
comparison theorems which can be referred to El Karoui et al. [2]. Eor example, 
Lepeltier and San Martin mu solved the BSDEs with continuous coefficients 
and super linear quadratic coefficients. Kobylanski [ 6 ] proved the solvability of 
BSDEs with quadratic growth coefficients, and so on. 

Eor the multidimensional situation, the solvability of BSDE m with non- 
Lipschitzian generators becomes complicated due to that there is no multidimen¬ 
sional result directly analogous to the one-dimensional comparison theorem. Nev¬ 
ertheless, when the driver / is Lipschitz with respect to z and non-Lipschitzian in 
Ean et al. . IVIao m and Pardoux [n] proved the existence and uniqueness 
of the solutions. And for the case that / in z is also non-Lipschitzian, precisely 
speaking, under the following uniformly continuous conditions: 

(i) {y,z) !->■ f{t,y,z) is uniformly continuous uniformly in and satisfies As¬ 

sumption 2 below; 

(ii) the ith component /* of / depends only on the ith row of z, 

Hamadene [5] obtained the existence of a solution and the uniqueness result was 
given by Ean et al. [3]. 

In this paper we will show that BSDE ([1]) also has a unique solution without 
the condition (ii). Actually, it is not easy. Referring to Hamadene [5] and Ean 
et al. [3], we can see that the Girsanov theorem, which is guaranteed by the 
condition (ii), plays an important role in proving the existence and uniqueness 
of the solution. In general, without the condition (ii), one is not able to use 
the Girsanov theorem on the whole interval [0,1]. In this paper, we use a new 
argument to successfully overcome these difficulties and accordingly give a more 
complete solution to the open problem of multidimensional BSDEs with uniformly 
continuous coefficients. 

Thanks to the condition (i), we can introduce a sequence of Lipschitz functions 
{fn)n>o which converges to / uniformly on the whole space of (y, z). As usual, let 
{Uni Zn)n>o be the solutions to BSDE ([T|) associated with {fn,C)n>o and we will 
show that {yn, Zn)n>o converge to the solution of BSDE ([T]). In order to prove the 
convergence of (y„, Zn)n>o, for all {ym, Zm) and (y„, z„), m 7 ^ n, we will construct 
countable stopping time intervals. Eor any given stopping time interval which is 
already constructed, we further construct a stopping time subinterval on it, which 
enables us to apply Girsanov’s theorem. Then with the help of the envelope of the 
stochastic process introduced in the following, we construct a family of random 
backward differential equations, which can be viewed as BSDEs and backward 
ordinary differential equations respectively, such that their solutions can dominate 
\yn — ym\ on the constructed stopping time subinterval. By changing the time 
horizon and the terminal values of the random backward differential equations, 
we show that the sequence {yn, Zn)n>o will converge to the solution of BSDE (JT]). 
Eor the uniqueness of the solution, we take the similar procedure. 

The paper is organized as follows. In Section 2 we introduce some notations 
and give some preliminary results. In Section 3 we prove our main results. 
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2 Notations and Preliminary 

Let {Q,T,P) be a complete probability space and {Bt,0 < t < 1} be an m- 
dimensional standard Brownian motion defined on (0, P). We denote by P = 

t < 1} the natural filtration of (Pt)o<f<i) where Pq contains all P-null 
sets of P. The terminal condition ^ is an Pi-measurable d-dimensional random 
vector and the driver / : [0,1] x x P'^ x —>■ P'^ is a V ® B{R^) ® 

measurable mapping, where V denotes the fi-algebra of Pfprogressive measurable 
sets on [0,1] x 0. In this paper, we need the following notation: 

• all P-measurable processes U = (Pt)o<t<i with values in P^ such that 
^ilo \Us\‘^ds] < +oo; 

• p 2 ,fcx/. P-measurable processes U = (Pt)o< 4 <i with values in P^^^ such 
that P[/q^ |P<jpds] < +oo; 

• 5^’^: all continuous P-measurable processes U = (Pt)o<j<i with values in 

P^ such that E[ sup |Ptp] < +oo. 

0<t<l 

Assumption 1. The process (0 < t < 1) belongs to and, 

for any (y,z) € P*^ x the process {f{t,(jj,y,z))o<t<i is P-measurable. 

Assumption 2. 

(i) / is uniformly continuous in y uniformly with respect to {t,uj,z), i.e., there 
exists a continuous non-decreasing function <I> from P"*" to P"*" with at most linear 
growth and satisfying <h( 0 ) = 0 and <I>(x) > 0 for all x > 0 such that: 

\f{t,yi,z) - f{t,y2,z)\ <^{\yi-y2\), a.s., 'it,yi,y2,z, 

moreover, [$(x)]“^dx = -|-oo. 

(ii) / is uniformly continuous in z, i.e., there exists a continuous function T from 
P"*" into itself with at most linear growth and satisfying 'I'(O) = 0, such that: 

\f{t,y,zi) - f{t,y,Z2)\ <^{\\zi - Z2\\), a.s., yt,y,zi,Z2, 

where ||z|| = [tr{zz*)] 2 , z* is the transpose of z. 


Definition 2.1 A pair of V-measurable process {y,z) = {yt, zt)o<t<i valued in 
j^d ^ j^dxm called an adapted solution of BSDE if {y, z) € 5^’*^ x 

and satisfies BSDE m- 

Proposition 2.2 (Hamadene Let cj) he a continuous non-decreasing function 
from R'^ to P^ such that /q+ = -|-oo and 4>{x) < ax-\-b for all x G R'^, where 

a and b are given non-negative constants. If (p{x) > 0 for all x > 0, then the 
following backward differential equation 

= 7 ^ {(l){u^’^{s))-\-e)ds, 0 < t < 1, 
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has a unique solution, where 7 > 0, e > 0. In partieular, the solution u'^’^{t) is 

continuous with respeet to 7 , e and satisfies that lim lim u'^’^{t) = 0 . 

£^0 -y—t-O 


Now, we introduce a notion of envelope which plays an important role in 
this paper. By Lemma 3 in Lepeltier and San Martin [ 8 ], we know, for a given 
constant a € Il~^, the following BSDE 


y{t) = a+[ {fi{y{s)) + e)ds - [ z{s)dB{s), 

Jt Jt 

has a unique solution y = x and z = 0, where 

x{t) = a + j {<j){x{s)) + e)ds. 

For all stopping time r such that 0 < r < 1, it follows that 

y{t) = y{T)+ [ {(l){y{s)) + e)ds - [ z{s)dB{s) 

Jt Jt 

/*T pT 

+ / {(t>{y{s)) + £)ds - / z{s)dB{s), 0<t 

Jt Jt 


( 2 ) 


= x( 




and 


x{t) = x{t) + J {(j){x{s)) + e)ds, 0<t 


< T. 


(3) 


Obviously, it still holds that x{t) = y{t),0 < t < t, a.s.. On the other hand, Eq. 
([3j) can also be viewed as a random backward differential equation on [0, r], and 
by Proposition 12.21 for P-a.s. w G 0, Eq. ([3j) has a unique solution x{t,uj),0 < 
t < 

Let X{t),0 < t < 1, he a nonnegative continuous and bounded process such 
that sup X{t) < C, a.s., where C is a nonnegative constant, and let u'^{t) be 


0<f<l 


the solution of the following backward differential equation: 

u'^{t) = "1 + ^ + £)ds. 


(4) 


(5) 


Now, we denote ■= 4>{x) + e and, for a given stopping time r such that 

0 < T < 1, 

T := {7 > 0 : u'^{t) > X{t),u'^ is the 
solution of Eq. dll)}- 

If 7 > C, it is easy to obtain that X{t) < C < u'^{T),a.s.. This implies that T 
is a nonempty set. Denoting 7 *^ := inf {7 : 7 € T}, then by the continuity of the 
process X and the continuity of u'^{t) with respect to 7 , we have (r) > X{t), 
it follows that 7 ® € T. Furthermore, we denote 


9{t) := essinf > X{t),u'^ is the 

solution of Eq. (jl]), 7 > 0} . 


( 6 ) 


then 
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Definition 2.3 For a given stopping time r such that 0 < r < 1, 0{t) denoted 
by ^ is called the (pe-envelope of the process X at r. 

Remark 2.4 Obviously, we have 6 {t) = By the continuity of the process 

X and the continuity ofu'^{t) with respect to 7 , it follows that, for any stopping 
times {Ti)i^i, where I denotes an index set, such that Ti —>■ t, 9{Ti) —>■ 9{t). In 
particular, if X{1) = 0, we have 9{1) = 0. 

Remark 2.5 For all a > 0, if we denote Xa{t) := aX{t) and the (f^-envelope 
of the process X^ at r by 9a{T), then we have 9a(T) = a0(r). And, as a —>■ 1, it 
follows that 0a(r) —>■ 9{t). 

Lemma 2.6 Let A = be a set of stopping times such that A G 

A,'^ii,i 2 G F If we denote r := essinf^^iVi, then t is a stopping time. 

Proof. By the fact that A z/jj € .A, Vii, Z 2 G I, we can obtain that there exists 
a sequence of decreasing stopping times (r„,)n>i C A such that 

lim E[Tn] = miElni]. 

n—^+co i£l 

Denoting 7 := An^NTn and pn ■= Tn /\ £ A, then we have lim rjn = p Fv, 

n^+oo 

and 

£'[ 7 ? /\v] = lim E[r]n] > inf E[iyi] = £[ 7 ]. 

n—^oo i£l 

From the fact that p A ly < p, we have p A v = rj, a.s., that is P-a.s. rj < v,. On 
the other hand, for any random variable 9 satisfying 9 < z/j, Vi G I, it is obviously 
T] > 9, a.s., hence, we have t = rj, a.s., and the desired result is obtained. □ 

Proposition 2.7 (Hamadene Let g be a mapping (t,co,y,z) i-A g{t,uj,y,z) 
from [0,1] X D X x to satisfying Assumption 1. In addition, there 

exists a continuous function ip from R'^ x R~^ into R'^ such that ip{0,0 ) = 0 and 

\g{t,uj,yi,zi) - g{t,uj,y2,Z2)\ < (p{\yi -y 2 \,\\zi - Z2\\), yt,yi,y 2 , zi, Z 2 ,a.s. 

Then there exists a sequence ((7n)n>o such that: 

(i) For any n > 0, gn is a mapping from [0,1] x D x x R^^^ into R'^ satisfying 
Assumption 1 and which is Lipschitz with respect to {y,z) uniformly in {t,uj). 

(ii) For all s > 0, there is an > 0 such that, Vn > N^, \gn{t,io,y, z) — 
g{t,uj,y,z)\ < e for all t,y,z, a.s. 

Remark 2.8 Actually, from Hamadene we have gn '■= 9 * 'f’n, the convolu¬ 
tion product of g and ifn, where ifn ■ {y-,z) G = n^'il){ny,nz) 

and is a function of C°°, R'^) with compact support and satisfies 
fj^d+dxm'f’{y,z)dydz = 1 . 


5 


3 The main result 

For a given process h € , if we denote H{t) := fg |/i(s)|ds, we have 

Lemma 3.1 There exist countable stopping times {Tl}r£N,keN such that, for 
P-a.s. uj € {u : < r^+i(a;)}, H{uj,Tf,{uj)) = H{uj, or is 

strictly increasing on [Tf{uj),Tf^^{uj)]. Moreover, for P-a.s. w € 0 , |J |J [r^(t(j), r^_|_^(a;)] 

r£N k£N 

[0,1], a.e. 

Before the proof of Lemma l3.11 we first see the following example: 

Example 3.2 Let {hn}n>i be a sequence of V-measurable processes defined on 
[ 0 , 1 ] satisfying /i2n = 0 and 


h2n-l{t) 


\Bt\ + 1, t G j 2^^=^]) 

0 , t £ [ 0 , 2'2n-l ) U ( 2‘2n--2 ) !]• 


If we denote h{t) := Yl^=i^n{t), H(t) := Jg h{s)ds and 


TTo := 0, 

7 r 2 i_i(a;) := inf{t > ^21-2(1^) ■ H{t,uj) = H{s,uj), 3 s £ (t, 1 ]} A 1 , 

7r2i{io) := inf{t > Tr2i-i{uj) : H{t,uj) < H{s,lo),'Is £ {t, 1 ]} A 1 , I £ N, 

we have P-a.s. tti = 0 ,\/l £ N. 


Remark 3.3 Actually, for all stopping times 61,62 satisfying 61 < 62 and P{6i < 
62) > 0 , there exists a process on [61,62] satisfying the same property of h in 
Example \ 3 .^ 

Now, we give the proof of Lemma l3.II 


Proof. Without loss of generality, we can suppose P{{uj : H{lv) = 0}) < 1. 
Now, we denote Tr{io) := inf{s : H{iv, s) > r} A 1, r £ Q+, where Q~^ denotes the 
nonnegative rational numbers set on R, and 

TTg := Tj., 

T^ 2 i-ii^) inf{t > '^ 21 - 2 (^) ■ 0 = H{ui, s), G {t, 1]} A 1, (7) 

7T2[(u}) := inf{t > 7r2;_^(a;) : H{io, t) < H{io, s), Vs G {t, 1]} A 1, I £ N. 

Obviously, and ttJ,1 £ N, are all stopping times. If for arbitrary r G Q'^, it 

holds that nj = Tr,yi £ N, then, from the continuity of H, we can obtain H = 0, 

a.s.. This contradicts to the fact that P{{u: : = 0}) < 1. Hence, there 

must exist tq G Q'^ such that P(vr[° > > 0. From the definition of {vr[}/>i, 

we have, for P-a.s. w G {a; : 7r2;_;^(a;) < 7r2;(a;)}, H{(jj,'K 2 i_i{oj)) = H{ijj,tt 2 i{oj)) 
and, for P-a.s. a; G {a; : '^ 21 - 2 ^^) < '^ 2 i-i(‘^)}’ is strictly increasing on 

K 2 i- 2 (‘^)’Then, from the continuity of H and the fact that Q~^ is 
countable, we get the desired result. □ 


6 






Remark 3.4 For a given tq G Q~^, the set of stopping times defined 

as & may be finite. Namely, there exists a constant Iq > ^ such that 7r[° = 
7r[°,V/ > Iq. For example, we consider the process H in Examvle 13.^1 and denote 
:= inf{s : H{s) > r„} A l,rn € {rn}n>i, where {rn}n>i is a subset of Q'^ 
satisfying rn > 0,Vn, and rn ^ 0 as n ^ +c». Now, we denote 

'‘O 

7 r2P_i(a;) := inf{t > : H{uj, t) = H{u, s), 3s G {t, 1]} A 1, 

7rl£(uj) := inf{t > : R(a;, t) < R(a;, s), Vs G (t, 1]} A 1, I € N. 

Obviously, Vr„ > 0, the set {vr["};>i is finite. 

Remark 3.5 If, for P-a.s. cj G {w : r^(w) < rf^fioj)}, H{oj,Tf{(jj)) = H{uj, Tf^fiuj)), 
then, on we can take a version of the process h such that h = 0, a.s. 

And for the case of is strictly increasing on we can also 

take a version of h on [t^, such that \h\ > 0, a.s. Therefore, there exists a 
version of h on [0,1] such that, for P-a.s. iv € {lo : Tf{uj) < h{ijj, •) = 0 

or > 0 on [r^(a;),r^_|_^(a;)]. At this time, the stopping times defined by 

m can he denoted by 

'^21-ii^) •“ inf{t > 7r2;_2(w) : \h{u},t)\ = 0} A 1, 

TT^iiw) := inf{i > Tr 2 i_i{u}) : \h{u},t)\ > 0} A 1, I £ N. 

Remark 3.6 Obviously, from the proof of Lemma \3.1l we can use {T^}reQ+,A:GiV 
instead of {Tf}k,reN in Lemm.a HOI If we denote N := lim Tf,\/r G Q~^, for 

P-a.s. Lo G II, we have 

(U U = 

reQ+ k£N r£Q+ 

In the following, we will use {nf,}r^Q+^keN instead of {Tf}k^reN in Lemma HOI 

Now, we are ready to prove the main result of this paper. Let {fn)n>o be a 
sequence of mappings from [0,1] x 13 x into R'^ such that, for all n > 

0) fn = /*'0n) the convolution product of / and V'n- By Proposition [221 it follows 
that {fn)n>o converges uniformly to / and for any n > 0, /„ satisfies Assumption 
1 and is Lipschitz with respect to {y,z) uniformly in {t,u}). In addition, we have 

\fn{t,yi,z) - fn{t,y 2 ,z)\ < 4>(|yi - 7 / 2 !), Vyi,y 2 , 

\fn{t,y,zi) - fn{t,y,Z 2 )\ < 4'(||2;i - ^211), VZ1,Z2- 

Let {yn,Zn) be the solution to BSDE associated with {fn,f), that is 

(yn,^n)G52VxR2,dxm^ ^ 

ynit) — ^3“ fn{s, yn{sfi Zn{s')')ds Zji{s)dBg. 

And from Proposition 12. 71 for any e > 0, there exists Ag > 0 such that if n, m > 

Ns, then \fn{t,y,z) - fm{t,y,z)\ < e, a.s. In the following, yn,y\C,fn,f and 
zl^, z^ denote respectively the ith components and rows of y, fn, f and Zn, z, 
i = 1 ,..., d, and the linear growth of and 'L are denoted by |4>(x)| < K{l-\- |x|) 
and |'I'(x)| < K{1 + |x|),iL > 0. 
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Theorem 3.7 Suppose that ^ G LS‘{Q,F,P) and f satisfies Assumptions 1 and 
2, then the following BSDE 


yt = ^ + J^ f{s,ys,Zs)ds- ZgdBs, 0 < t < 1, (9) 

has a unique solution {y,z). 

Without loss of generality, we will suppose d = 2 in the following. 

Proof. Existenee. Step 1. In this step we show that the sequence {yn-, Zn)n>o 
has a subsequence such that \ym — yn\ and ill[J q^ \ \zm{s) — Zn{s)\\^ds] are uniformly 
bounded with respect to m, n. When m,n> N^, by Ito’s formula 

(dm (t) - yn {t)f 

— ^ / ( 2 /m('®) yn{,^^^{,fmi.^ t /^(s, (s), (s)))(is 

dt 1 1 

- {Zm{s) - Zn{s)f ds - 2 j {ym{s) - yn{s)){Zm{s) - Zn{s))dBs 

Jt Jt 

= 2 / {ym{s) - yn{s)){fm{s,ym{s),Zni{s)) - fm{s,yn{s),Zm{s)))ds 

Jt ^ 

m (■s) yn{s)){fm{s, yn{s), Zm{s)) fm,{s, yn{s), Zn{s)))ds 

d~‘J‘ I (ymis) yn{s))(^fm{s, yn{s), Zn{s)) fn{s, yn{s), Zn{s)'))ds 

J\ ^ 

- {Zm{s) - Znis)fds -2 {ym{s) - yn{s)){Zm{s) - Zn{s))dBs 

Jt^ Jt 

< 2 ^ \ym{s) - yn{s)\^{\yni{s) - yn{s)\)ds 

+2^ \ym{s) - y„(s)|^'(||2:m(s) - Znis)\\)ds 

.2j \y 

m {s) - yn{s)\\fm{s,yn{s),Zn{s)) - fn{s,yn{s), Zn{s))\ds 
/ {Zm{s) Zn(s)) ds 2 / (ym(s) ?/n(s))(-s) Zn{s'))dBg 

Jt ^ Jt 

- It m (s) — yn(s)|(|ym(s) — yn(s)| + ^)ds 

+2K / \ym{s) - yn{s)\{\\Zm{s) - Zn{s)\\ + l)ds 
+2e \ym{s)-yn{s)\ds- \\Zra{s) - Zn{s)\\‘^ds 

Jt 

-2^ (ymis) - ynis))iZmis) - Zn{s))dBs 

+ 4i^^) + + 2K + 2) y \ym{s) — yn{s)\'^ds 

-2^" (ymis) - ynis))izmis) “ Zn{s))dBs, 


< (e 



taking conditional expectation on both sides, for each 0 < t; < t < 1 , we get 

[(ymit) - yn{t)f] < + 4i^") + {K^ + 2K + 2) j' [| 2 /™(s) - ynis)f]ds, 

by Gronwall’s inequality we have E^'’[{ymit) — yn(i))^] < 

If we let V = t, we obtain that {ym{t) — yn{t)Y ^ C*, by which we also have 
£'[/q^ Ikm('S) — -Zn(s)|prf'S] < C for m,n > where C is a constant which may 
change from one line to another. In the following, for the notational simplicity, 
the subsequence of {yn, Zn)n>o is still denoted by {yn, Zn)n>o- 


Step 2. We show that when {yn)n>o is a Cauchy sequence on [ti,T 2 ] in 
it follows also for {zn)n>o on [ti,T 2 ] in 772 ,dxm^ where n and T 2 are two stopping 
times satisfying 0 < ri < r 2 < 1 and P(ti < T 2 ) > 0 . 

Using Ito’s formula, we have on [ti,T 2 ] 


E 

< E 
+2E 


/ T2 

\\Zmis) - Znis)\\'^ds 

{ym{T2) - yn{T2)f] - E [{ym(t) - yn{t)) 

/ E2 

(?/m('S) ?/n('S))(/m(S) ymis), ^rri(s)) /n('S, ?/n('S), Zn{s'))')ds 


< E [{ymiT2) - yniT2)f] - E [{ymjt) “ 


+2. / E 


sup |ym(s) - yn(s)P 

_ri<s<r2 


xWP 


/ r2 

|/m('S, ym{s), Zm(s)) /n('S, yn{s), ds 


On the other hand, Step 1 implies that there exists a constant C > 0 such that, 
for all m,n >0, 


E 


/ T2 

\fm{s, ym{s) (s)) fn{s, yn{s), Zn{s')')\ ds 


< C. 


Hence, the sequence {zn)n>o is a Cauchy sequence on [ri,r 2 ] in f/' 2 ,(ixm_ 


2 

Step 3. (i) For all m,n,m n, we denote Zranit) ■= sgn(y^(t)—y^(t))( 2 ;^(t) — 

i=l 

Zn{t)) and Zmn{t) ■= /q \zmn{s)\ds, respectively. By Lemma ISTTl we know that 
there exist countable stopping times {7'fc’™"}reQ+,A:GiV such that, for P-a.s. u € 
jo; : r^’ (a;) < (w)), ■) is strictly increasing on [r^’ (w)J 

or Zmn{(^,Tl.’'^"'{ui)) = Zmn{^^, (io)). Moreover, for P-a.s. w G O, [0,1] = 

U U Ill Ills following, as Remark 13.51 for given 


reQ+ keN 

m,n,m ^ n, we will take a version of the process z. 


mn 


such that, for P-a.s. 


_ r r,mn/ \ , r,mn/ mi / M ^ n / r,mn/ \ r,mn/ \\ 

uj e {u} : r^’ (a;) < (a;)}, •)! > 0 on (r^’ (o;)) or 

I / \\ n r T.mn/ \ r,mn / \-\ 

kmn(w,-)| = 0 on [r^’ (a;)]. 
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(ii) For given tq G , fco > 1 satisfying > 0 and Vm, n > 

Ne^m / n, if \zmn\ > 0 on for all eo G (0,1), we denote 

•= • kmn(t, w)| > eo} A 

■= inf |t > : \\Zm{t,Uj) - Zn{t,Uj)\\ > 

uZ^ico) := inf {t > r,7(u;) : \zmn{s,uj)\ < eo} A 77, 

^€0,1 •— ^eo ’ ^eo,2 •— ^so 

Obviously, and 7"" nre all stopping times, this implies that r™,” nnd 

7 2 nre also stopping times. Since ^ *-* nnd P-a.s. \zmn\ > 0 

on W : 7’™”(cj) < 77(w)}, then we have P-a.s. ^ 7’™'"’ 7ri ^ 

7+i"^ ns eo 0. Hence, there exists eo G (0, 1) such that P{t^\ < t^\) > 0. 


(in) For i G {1,2}, by Tanaka’s formula, we have 


Wnit) - ym{t)\ 

< \yl{rz%)-yln{rz:i)\ 

p^rnri^ 

Sgn(2/;(s) - yln{s)){fn{s,yn{s),Zn{s)) - f^{s, ym{s), Zm{s)))ds 


+ 


^mn 

To,i 


sgn(y^(s) - yln{s)){Zn{s) - 7(s))(iH, 


.mn 

SQ.l 


< l2/Ur7i)-y-ra)l+ / (<l>(| 2 /„(s)-y^(s)|) + e)ds 


+ 


Ao,i 


^'(Ikn(s) - Zmis)\\)ds 




sgn(2/;(s) - 7(^))(4(«) - zUs))dB,, r7 < t < r™ 


mn 

!•> 


it follows that 


^mn 

Ao,i 


E \yhit) - 2/mWI 

i=l 

< E ll/n^Zl) “ ym(7!l)l + 3 " (^(lyn(s) - 2 /m(s)|) + e)ds 

2=1 J t 

° ^(||2;n(s) - Zm(s)||)ds 


+2 


It 


^mn 2 

^eo,l 


^sgn(2/;(s) - 7(s))(4(s) - 


2 = 1 


.mn 

eO’l 


< E ll/n^Zl) “ ym(7ri)l + 3 / (^(lyn(s) - 2 /m(s)|) + £)ds 


2=1 


_mn 2 

^eo.l 


’ seniyU,,) - i(»))(4(«) - Z^{.,y)dBr, t””j < ( < T^i. 


2 = 1 
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the process is a Brownian motion on [0, t™"] under p™-” which is equivalent 
to P and dehned by 


where 


dp™” f p™ 1 r™. 

^ = exp I - - 


\Vmn{s)\‘^ds , 


Vmnit) ■= < 


2^(\\Zn{t)-Zm{t)\\) 

E sgn(yj^(i)-3/i„(t))(4W-2mW) 

i=l 


_mn ^ ^ —mn 

Po,2 ^ ^ ^ ^£0,1 > 


0 , 


0 < t < r™-2. 


Then taking the conditional expectation under we have 


E l2/mW -2/nWI 


2=1 

^mn 

TP™ 


E\ylnKV-ynKA)\\^t 

i=l ^ J 

- 3^ ($(|ym(s) - yn(s)l)-t-e)fis|-Et 


( 10 ) 


mn <: i ^mn 

Po,2 E ^ E ^£0,1- 


Denoting <h£(x) := 3(<l>(x) + e),x G R~^. By the continuity of ym,yn and 
\ym{t) — yn{t)\ < C,\/m,n,m ^ n, we know that, for all stopping time i? such 
that 0 < < 1, a.s., there exists a d'g-envelope of the process ll/m “2/nl + li/m “i/nl 

at d denoted by such that ly^i'd) - + \y^{'&) - yl{'&)\ < a.s.. 

Moreover, 9{'d) 0 as ?? —)■ 1. 

Now, we consider the following equation: 




^mn 

To,i 


(<k(u^°(s)) + e)ds, 


( 11 ) 


where 0 < t < t™”. From the dehnition of 0 (t™”), we know Eq. (Ilip has 
a unique solution u^°{t) and is a constant. Taking the conditional 

expectation on both side, it follows that 

(<l>(u^°(5)) + e)ds\Pt]. 

From Appendix, we have P-a.s. 

\yLit) - yiit)\ + lyhit) - ynit)\ < C,2 < ^ < CE (i^) 

As eo ^ 0, we have ^ ^ and | 2 /)„(r-;i) - y^r^^Dl ^ 

|ym('rfc°i^”) - yh{rl.°’+i)\,i = 1,2, this implies that P-a.s. 


and 




hm u^o(t) = <Ei(^)’ 
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where 


TQ ,77171 


<°+lW = 

Hence, as eo —>■ 0, we can obtain P-a.s. 

\yl{t) - yi{t)\ + \vl{t) - vl{t)\ < < t < <°;7. 


(13) 


Step 4- (i) If \zmn\ = 0 on 7^°:^"], we denote Z^Jt) := J^ro,mn \z}^{s)- 


_ ko 

z^(s)|fis, 7^°’™"" < t < By Lemma [3711 it follows that there exist count¬ 

able stopping times {p^’ ^}r£Q+,keN such that, for P-a.s. a; G {w : p^^^^{uj) < 
Pfc+r(w)}, Z^,,(a;,p^’"*”(a;)) = Z^„(a;, p^’™”(u;)) or is strictly increas¬ 

ing on [p^’”"”(w), p^’™”(a;)]. Moreover, for P-a.s. w G 0, U U [p)’’™"'(w),p^’™”(w)] 

rGQ"*" k^N 

a.e.. In the following, as Remark [331 for given r and k, 
we will take a version of Zm such that z^{t) — zj^{t) = z‘^(t) — z^{t) = 0 on 
[Pfc”'">Pfc+r] or sgn(y)„(t) - yn{t)){zlnit) - ziit)) = -sgn(y^(t) - yl{t)){zl,{t) - 
4(t))/0on (pr^PkTi)- 

(a) For given ri and ki satisfying < p]^4+i) ^ ^rst consider 

the case of = 0 on By Tanaka’s formula, we 

have 

2 2 rp"k’"T 

^\yn{t)-yln{t)\ <^\ynipl\'+l)-yln{pl\’+l)\+3 / {^i\ynis)-ymis)\)+e)ds 

i=l i=l 

Obviously, we have 

2 


Y1 - y'rn{t)\ < <(+i(t), Pfc)’”"” < t < pl\f^ , 

i=l 

where is the solution of the following equation: 

ri ,mn 

ul\+i{t) = y{pl\'+i) + 3^ + e)ds, 


(14) 


and 0(Pfc(’™]”) is the 4>e-envelope of the process Y1 IVn ~ 2/ml 


i=l 


(m)lisgn{yl^{t)-y^{t)){zl^{t)-zl{t)) = -sgn{y‘^{t)-yl{t)){zl^{t)-zl{t)) 7 ^ 
0 on (p^)’™"", p^)’™]”). For all eo G (0,1), we denote 


mn 
+1 ’ 


:= inf {t > /5fc)’”'”(w) : \zl,{t,uj) - zl{t,uj)\ > eo} A pl\[ 

^^?i(^) := inf |t > Pfc(’™’"(a;) : ||2;„,(t, w) - z„(t,a;)|| > ^| A , 

■= inf {t > C^’Hw) : \ziit,u) - zi{t,u})\ < eo} A p}}’+", 
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mn,l _ mn,l /, „qmn mn,\ _ mn,l . mn,l 

^£ 0,1 ■~^eo ''^£ 0 , 1 ’ ^£ 0,2 --^£0 ^'^£ 0,1 ■ 

/-xi -1 1 Ti mn,l ri.mn mn,l ri.mn ^ tt 

Obviously, we nave r-a.s. 2 ^ 1 Pki+i ^0 ^ -H-ence, 

there exists eo £ (0,1) such that -P(t™ 2 ’^ < > 0. 

Then by Tanaka’s formula, it follows that, Va G (0,1), 


(1 + oi)\y\{t) - yl,{t)\ + \yl{t) - yl^{t)\ 

< (1 + a)|2/i(T,7,’') - yl{T:if)\ + \yl{T:iy) - yl{T:if)\ 


+3 


—a 


mn,l 

’"eoU 


(^(|yn(s) - ym{s)\) + s)ds + 3 


mn.l 

To,i 


T(||Zn(s) - Zm(s)||)(is 


mn.l 

To,i 


sgn(yn(s) - ym('S))(4('S) “ zl,is))dBs 


a . Ml/ mn,l\ 1 / mn,iM i i 2/ mn,i\ 2 / mn.i\\ 
+ «)l2/nMo,l ) “ y^i'^soA ) - ymi^eoA )l 


1 / mn,l 


2/ mn,lN 


mn,l^ 


+3 


—a 


mn, 1 

’"eoU 


mn.l 


(^(|yn(s) - 2/m(s)|) +£)ds 
sgn(yn(s) - ym('S))(4('S) “ zl,{s))dB^ 


mn.l mn,l ^ ^ mn,l 


the process is a Brownian motion on [0, t™”’ ] under p™”-d which is equiv¬ 

alent to P and defined by 


dP^n.i 

dP 


U mn.l mn,l \ 

1 9 \ 

'nmn,l{s)dBs - - J |??mn,l('S)| ds j , 


where 


f _ 31'(||2„(t)-2:,Tt(bll) _ mn,l ^ ^ ^ mn,l 

Vmnlit) ■= < d)-y}n W) (4 (b-2m (*)) ’ =0,2 — — £0,1 ’ 

\ 0, 0<t<r™y- 

Then taking the conditional expectation under -we have 


(1 + cr 

< J^mn.l 
_j_^mn,l 

mn.l 


\yi{t) - yL{t)\ + \ylit) - ym{t)\ 

/-II Ml/ mn,l\ 1 / mn,1 m , i 2/ mn,l\ 2 / ™»^,1 mit' 

(1+ a)|y„(r^o,i ) “ ymMo.i )l + l^nMci f-ymMci lIV* 


mn,l 

To,i 


(^(|ym(s) - yn(s)l) + e)ds\Pt 


mn.l ^ ^ mn.l 

, r,^,2’ < t < t,q,i’ • 


(15) 

Let be the ^k^-envelope of the process (1 + a)\y\{t) — yly^{t)\ + |y^(t) — 


y^(t)| at T™”’^ and we consider the following equation: 

mn,l 

= Oair^y) + 3 +e)(is. 

Obviously, we have 

(1 + a)\yi{t) - yUt)\ + \yl{t) - yl{t)\ < ^^t), r™"/ < t < 
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First, let eo Oj it follows that 

(1 + «)|y^(t) - yUt)\ + \yl{t) - yl{t)\ < < t < ( 16 ) 

where 

ri ,mn 

fPk,+l 

KWiJt) = Upl\Tn + ^l + ^)ds. 

2 

On the other hand, from the fact that ^ \yhit) — ymi'^)\ ^ (1+ “)l2/n(t) ~2/m(t)l + 

i=l 

\ylit) - 2/m(t)l < (1 + «) E Ivlit) - ylnit)\, we can conclude that Oa{pl\’+i) ^ 

i=l 

as a —7> 0. Hence, as a —>■ 0, it follows that 


where 


\yhit) - 2/m(t)l < ul\+iit), pIY"" < t < pIYi , (17) 


2=1 


ri 


^ki+1 


ri ,mn 

(t) = dipl\’+i) + 3^ + e)ds. 


(iv) Let be the solution to the following equation: 

ri ,mn 

uV+iit) = 6'(/3[+r") + ^ {^{u'ihis)) + e)ds, (18) 

where I > ki + 1, then we also have 

Y ^ t ^ pkYi • 

2 = 1 

In fact, similar to the proof of the inequality (|14p and (1171) . we have P-a.s. 

EiAw-iiois-aiW. (>[■■"•”< i < Piir" (2D) 

2 = 1 


Then, on [0,pp’”^"'], Eq. (fTSl) becomes 

ri ,mn 

<li(t) = uV+iiP?'"""') + ^ + e)ds, 

By ([20l) and the definition of 0(/?p’”*”), we have 0(/9p’™'"') < tt[E(/5p’™'"’)- Hence, 

r r\,mn ri,mni i 

on \Pi_i , Pi J, we have 


2 

-2/m(i)l < <ll(*)- 

2 = 1 
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It follows that 


\yn{t) - ym{t)\ < u'iilii), pY-T"" ^ ^ pY+T'^- 

i=l 

Taking the above procedure step by step, we can obtain 

'^WnY) - yYY)\ < uY+i {t ), pIV"*” - ^ - pY+T"" > 

i=l 

and we get the inequality (fTUD . 

If we let I —>■ +00 and denote ri,mn^ obtain that 

Z—>-+oo 




ri,mn 

Pk^ 


<t<p 


ri,mn 


2=1 


where 


u 


/ p. 

{^{n!-^{s))+e)ds. 


For all stopping time sequence {p^’™'"'}fcg 7 V) we denote := lim p^’™'"'. 

fc^ + OO 

Now, we show that, for all r 2 > ri and VpY^’YT ^ {pY’'^^}keN, it still holds that 

Y 1 \yYY,^) - yhY,^)\ < < 2 +i(i,w), < t < ”(w), ( 21 ) 

2=1 

for P-a.s. w € {w : pY^YTi^) - PYiYTi^)}^ where 

r2 ,mn 

YY = Pipll’Ti) + (^«2+i(s)) + £)ds. 




Similar to (ii) and (hi), we can obtain 


'^\yYY)-yhit)\<ull+iY), pY^'^'^ < ^ < PY2+1 ^ ( 22 ) 


2 = 1 


Let A = {pY^'^ : r € QijA: G A^} be a set of all stopping times, where Qi C 
[ri, r 2 ] n , such that 

X] \yYY) - ynY)\ < <2+1 i < PkY+1 ’ “•«•• 

2=1 

Obviously, pYY^'^ € A. Hence, A is not an empty set. On the other hand, similar 
to (iv), we know if there exist ra € [ri, r 2 ) O and € N such that 

Y 1 \yYY) -ynY)\ < Kl+iY), ^ ^ PY2+1 > 

2=1 
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then for all A; G iV, it still holds that 


Vli/; 




Now, we denote p := essinfl/?^’”^" : r G Qi,k G N}. For all € A, 

it obviously holds that A G A. And by Lemma 12.61 we know p is a 

stopping time. By the continuity of \ym{-) — yn{-)\ and , it follows that 

2 

~ yn(*^\ - %2+l(^)’ Pkl’+r > O-'S- 

i=l 

Now, we show p < a.s.. Otherwise, we denote Q 2 '■= ([ri,r 2 ] 0 Q^) \ Qi. 

By the continuity of and the fact that, for P-a.s. w G 0, 


r€Q+ k£N r£Q+ 


\ro,mn 
1'fco 


(w), 


rQ.mn 

^ko+l 


M], 


a.e., 


it is easy to obtain that there exists G Q 2 such that a.s.. By (iv), 

it follows that P-a.s. 

^ Wm{t) - Vh{t)\ < <2+l(*)> Pfc"’™'' < ^ < P?2+l ’ 

i=l 

this contradicts to the definition of Qi. Therefore it holds that p < and 

we get the inequality ([21]). 


(vi) Now, we take a subsequence of {Pfc™’^}reQ+,fceA'' denoted by {p^^}k^N 
such that p™"’ —as k ^ -|-oo and we consider the following equation: 


Vk{t) 



{^{vk{s)) +£)ds, 


then we have P-a.s. XlLi Wmit) “ pU*)! < Mt), < t < P^T^ 

on {u) : p^"‘{uj) > p^^’™]”(w)}. Let k —)> -|-oo, it follows that 9{p 
then we have P-a.s. 


^mn\ 


,yk £ N, 

a(ro,mn^ 
^vfco+1 }) 


\y'rn(.t) - ynit)\ < < t < pl\f-^ , (23) 

i=l 

where 

rQ,mn 

<°+i(i) = ^KoVT) + 3 (^«°+i(s)) + £)ds, 

From the arbitrariness of A:i,ri, we can conclude that P-a.s. 

Eliw-siwi <<+,(*). (24) 

i=l 
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Step 5. By (fT^ . similar to the proof of (iv) and (v) in Step 4, we can 
obtain that for all > tq and G , it still holds that 


i=l 


it,u) - yl{t,u)\ < < t < r;°;T(a;), 


(25) 


for P-a.s. uj € {uj : where 

rg ,mn 

+ 3^ ($(n^®(s)) +e)ds. 

Now, we take a subsequence of {T^’”^”}rGQ+,A:eA^ denoted by {Tj^"'}keN such that 
T™” —>■ 1 as A: —^ +00 and we consider the following equation: 

Vk{t) = 9{Tr)+3£' mvkis))+E)ds, 

then we have P-a.s. Wmii) “ yhit)\ < Vfc(t), < t < , V/c G N, 

on {oj : Let k -boo, it follows that 0(1) = 0 

and P{{uj : > t^°!^"'(w)}) —^ 1, then we have P-a.s. 


Eli(*)-!/i(<)l<V((). (26) 

i=l 

where 

V%t) = 3j\^V%s)) + e)ds, 

From the fact that V^{t) —> 0 as e —)■ 0 and the arbitrariness of ro,ko, we can 
conclude that {yn)n>o is a Cauchy sequence in and converges to a process 
which we denote by y. By Step 2, we know that {zn)n>o is also a Cauchy sequence 
in converges to a process z. 


Step 6. Now, we show the processes (y, z) are the solution to BSDE ([9]) on 
[0,1]. For any n > 1, we know from ([8]) that 

fn{s,yn{s),Zn{s))ds- Zn{s)dBs, 0 < t < 1. 

For a fixed t, the sequences {yn{t))n>o and Zn{s)dBs)n>o converge in B, P) 
towards yt and ZgdBg, respectively. On the other hand, 


Vnit) = ^ + 


E 

< E 
+E 


1/ fnis,ynis),Znis))ds- f {s, y{s), z{s))d. 

Jt 

/ \fnis,ynis),Znis)) - f {s, ynis), Znis))\d. 

•^0 ^ 

/ l/('S, yn{s),Znis)) - f{s, y{s), z{s))\ds 

Jo 


17 







The first term converges to 0 as n —>■ +oo since (/n)n>o converges uniformly to 
/. In addition, for any K > 0, we have 


E 

< E 


LJO. 


\f{s,ynis),Znis)) - f {s , y{s), z{s))\ds 


^{\yn{s) - y{s)\)l{\y^(s)-y{s)\<K}ds 


+E / ^'(Ikn(s) - ^(s)||)l{|^„(s)-z(s)|<;^}ds 


LJO. 


+E 


+E 


/ \f{s-,yn{s),Zn{s)) - f {s,y{s), z{s))\l{\y^(^s)-y{s)\>K}ds 

r °i 

/ l/(s, yn{s), Zn{s)) - f{s, y{s), 2:(s))11{|2„(s)- 2 (s)|>ii'}ds 

.JO 


Then, after extracting a subsequence, the first term and the second term converge 
to 0 as n —>■ Too. Moreover, 


E 


[ \f{s, yn{s),Zn{s)) - f{s, y(s), z(s))|l{|y„ 

JO 


(e 

f \f{s, yn{s), Znis)) - f{s, y{s),z{s))fds 

y (e 

/ ^{\yn{s)-y(s)\>K}ds 

\ 

Jo 


LJo J 


< 


K 


E 


|/(s, ynis), Zn{s)) - f{s, y{s), z{s))\‘^ds 


E 


\ynis) - y(s)pds 


LJO 




[ \yn{s) - y{s)(^ 
JO 


ds. 


The last inequality follows from the convergence of {yn)n>o {{zn)n>o) in 5'^’'^ 
^j^ 2 ,dxm'<j linear growth of /. Therefore, the third term converges to 0 as 

n —>■ + 00 . In the same way, it is easily seen that the forth term also converges to 
0 as n ^ + 00 . Consequently, since y is a continuous process, we have 


yt = ^ + 


f{s,ys,Zs)ds- 


— / ZgdBg, 0 < t < 1, 


and we get the existence of the solution of BSDE Q . 

Uniqueness. For the uniqueness of the solution to BSDE ([9]), the proof is 
similar to the existence and we omit it. □ 


Remark 3.8 In Step 3 of the existence, Novikov’s condition is satisfied by the 
fact that 0 < eo < \zmn{t)\ < \\zm{t) - Zn{t)\\ < ^ on hence we 

can apply Girsanov’s theorem on 


'eo.l 


Remark 3.9 For the case of d > 2, its proof is the same as d = 2 and the corre- 

^mn 

spending random differential equation becomes u{t) = 9{T’^^)+{d+l) (^(u(s))+ 

e)ds, where 6*(r™'"') is the {d + l)(<h + e)-envelope of the process Yli=i lyln ~ dnl 
at stopping time 
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Remark 3.10 From the proof of Theorem 3.1, we can see that the condition 
jQ+[^{x)]~^dx = +00 in Assumption 2(i) can be weakened. In fact, if the linear 
growth function satisfying $(0) = 0 and $(x) >0 for all x > 0, moreover, for 
all 'f > 0,s > 0, the following equation 


= 7 + ^ (i;/)(u^’^(s)) + e)ds, 0<i 


<t<l, 


has a unique solution with lim lim u'^’^^it) = 0, then BSDE [W also has a unique 

£—>0 7^0 

solution. 


Appendix 


We denote 

:= sup{$(y) -/c|x - y|}, k e N, 

y£R 

from the linear growth of <1>, we know is Lipschitz. Moreover, the sequence 
is non-increasing and converges to Now , we consider the equation 
defined recursively as follows: 


= E” 


.^mn 


^ra) + 3 {^M{s))Ae)ds\Tt 


with uj = C, VA: > 1. From Step 1, we know there exists a nonnegative constant 
2 

C such that P-a.s. X] ~ yri(^)l < C,yt € [0,1]. Then, we can obtain by 

i=l 

induction that for all l,k, 

\vL{t)-y'n(t)\ + A(t)-yi{t]\<uf{t), t23<(<t,7i. (27) 

Then ^{\ymit) — yn{t)\) < ^ ^k{uf{t)). In ([27]), first, let I -|-oo ,then 

k —)> -|-oo, we obtain 

\yLit) - vim + \ylit) - ylit)\ < u^<>{t), < t < 
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